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Effects of the nonthermal distribution of electrons as well as the polarity of the net dust-charge number
density on nonplanar �viz. cylindrical and spherical� dust-ion-acoustic solitary waves �DIASWs� are investi-
gated by employing the reductive perturbation method. It is found that the basic features of the DIASWs are
significantly modified by the effects of nonthermal electron distribution, polarity of net dust-charge number
density, and nonplanar geometry. The implications of our results in some space and laboratory dusty plasma
environments are briefly discussed.
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Shukla and Silin �1� theoretically showed that due to the
conservation of equilibrium charge density ne0+znnn=ni0 and
the strong inequality ne0�ni0 �where ne0 �ni0� is the equilib-
rium electron �ion� number density, nn is the equilibrium
number density of negatively charged dust �negative dust�, zn
is the number of electrons residing onto the negative-dust
grain surface, and e is the magnitude of the electron charge�,
a dusty plasma with stationary negative-dust supports low-
frequency dust-ion-acoustic �DIA� waves �DIAWs� with
phase speed much smaller �larger� than the electron �ion�
thermal speed. The DIAWs have also been observed in labo-
ratory experiments �2,3�. The linear properties of DIAWs in
dusty plasmas are now well understood from both theoretical
�1,4,5� and experimental �2–4� points of view. The nonlinear
propagation of DIAWs have also received a great deal of
interest in understanding the features of localized electro-
static perturbations in space and laboratory dusty plasmas
�6–13�.

On the other hand, it has been found from both experi-
mental observation �14,15� and theoretical analysis �16,17�
that the presence of nonthermal �fast� electrons, which occur
in many space plasma situations, particularly, in upper part
of ionosphere or lower part of magnetosphere �14,15�, sig-
nificantly modifies the basic features of ion-acoustic solitary
waves �IASWs� or introduces new features in them. A lim-
ited number of theoretical investigations �e.g., Tribeche and
Berbri �18� and Xue �19�� has been made on DIASWs in
dusty plasma containing negative-dust inertial ions and non-
thermal electrons. Tribeche and Berbri �18� extended the
work of Mamun and Shukla �13� to include the effects of
nonthermal electron distribution on one-dimensional �1D�
planar DIA solitary and shock waves. Xue �19� considered
nonplanar cylindrical and spherical geometries and examined
the interaction between the compressive and rarefactive DI-
ASWs.

It has also been found that in some of the space environ-
ments �viz. upper part of ionosphere or lower part of mag-
netosphere, where dust number density varies from �10 to
�100 cm−3 and dust size varies from �0.1 to �1 �m�,

dust are positively charged �20–22� though in most space and
laboratory dusty plasma environments dust are negatively
charged �23,24�. It has been also observed that in some of
these space environments, particularly, in mesopause dust of
opposite polarity �i.e., positively charged dust �positive dust�
as well as negatively charged dust �negative dust�� exist �25�.
Therefore, in this Brief Report, we consider a more general
dusty plasma system containing electrons following nonther-
mal distribution of Cairns et al. �16�, inertial ions, stationary
dust of opposite polarity �positive-dust as well as negative-
dust�, and study the nonplanar �cylindrical and spherical� DI-
ASWs in such a dusty plasma.

We consider a more general unmagnetized dusty plasma
system, whose constituents are nonthermal electrons, inertial
ions, and stationary dust of opposite polarity �i.e., positive as
well as negative dust�. The nonlinear dynamics of nonplanar
�cylindrical and spherical� DIAWs propagating in such a
dusty plasma with phase speed much smaller �larger� than
the electron �ion� thermal speed is governed by
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where �=0 for 1D planar geometry and �=1�2� for a non-
planar cylindrical �spherical� geometry, ni is the ion number
density normalized by its equilibrium value ni0, ui is the ion
fluid speed normalized by the ion-acoustic speed Ci
= �Te /mi�1/2, � is the electrostatic wave potential normalized
by Te /e, ne is the electron number density normalized by its
equilibrium value ne0, �= �zpnp−znnn� /ni0, s represents the
polarity of the net dust-charge number density �i.e., s=1 for
zpnp�znnn and s=−1 for zpnp�znnn�, np is the positive dust
number density at equilibrium, zp is the number of excess
protons residing on a positive-dust grain surface, Te is the
electron temperature in units of the Boltzmann constant, and
mi is the ion mass. The time and space variables are in units
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of the ion plasma period �pi
−1= �mi /4	ni0e2�1/2, and the De-

bye radius 
Dm= �Te /4	ni0e2�1/2, respectively. At equilib-
rium, we have ni0+zpnp=ne0+znnn. It is obvious that �i� for
s=1 and zn=0, Eqs. �1�–�3� represent a dusty plasma with
positive dust where �=zpnp /ni0, �ii� for s=−1 and zp=0, Eqs.
�1�–�3� represent a dusty plasma with negative dust where
�=znnn /ni0, and �iii� for zp�0 and zn�0, Eqs. �1�–�3� rep-
resent a dusty plasma with the coexistence of positive and
negative dusts where �= �zpnp−znnn� /ni0 and s=1 �zpnp
�znnn� or s=−1 �zpnp�znnn�. We note that we have as-
sumed spherical or cylindrical symmetry since we are inter-
ested in radial propagation of the nonlinear DIAWs.

We assume that electrons follow the nonthermal distribu-
tion �16�:

fe�v� =
ne0

�1 + 3��	2	VTe
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4 �exp�−

v2

2VTe
2 � ,

where VTe is the electron thermal speed and � is the param-
eter determining the number of nonthermal electrons present
in our nonthermal dusty plasma model �16,17�. We note that
� is always less than 1, i.e., 0���1, and that �=0 corre-
sponds to the Boltzmann distribution of electrons. Thus, the
normalized electron number density ne corresponding to this
nonthermal distribution �16� is given by �16,17�

ne = 
1 −
4��

1 + 3�
�1 − ���exp��� . �4�

To derive a dynamical equation for the nonlinear propa-
gation of the DIAWs from Eqs. �1�–�4� by using the reduc-
tive perturbation technique, we introduce the stretched coor-
dinates �26�:

 = − �1/2�r + Vpt�, � = �3/2t , �5�

expand ni, ui, and � in a power series of �:
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and develop equations in various powers of �. To the lowest
order in �, Eqs. �1�–�8� give

ni
�1� = −

ui
�1�

Vp
=

��1�

VP
2 , �9�

Vp = 
 1 + 3�

�1 − ���1 + s���1/2

, �10�

where Vp is the DIAW phase speed normalized by Ci, and
Eq. �10� represents the linear dispersion relation for the DI-
AWs under consideration. It is obvious that the phase speed
is significantly increased by the presence of nonthermal elec-
trons and that it is decreased when the net dust-charge num-
ber density is positive �s=1�, but it is increased when the net
dust-charge number density is negative �s=−1�.

To the next higher order in �, we obtain three coupled
equations for ni

�2�, ui
�2�, and ��2�. Now, using Eqs. �9� and

�10�, one can combine these three coupled equations and can
finally obtain a nonlinear dynamical equation for the DIAWs:
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where �=��1� and
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Equation �11� is a modified Korteweg–de Vries �mK-dV�
equation which includes the effects of nonthermal electrons
�through ��, polarity of the net dust-charge number density
�through s�, and nonplanar geometry �through ��. The extra
term �� /2��� in Eq. �11� is due to the effect of the cylindri-
cal ��=1� or spherical ��=2� geometry.

We note that if we consider a dusty plasma with negative
dust �zp=0 and s=−1� and 1D planar geometry ��=0�, our
mK-dV Eq. �11� reduces to the K-dV equation �with constant
dust-charge assumption� derived by Tribeche and Berbri
�18�. However, like other earlier works �viz. Mamun and
Shukla �13��, the dissipative coefficient C �Eq. �36�� of the
K-dV-Burgers equation derived by Tribeche and Berbri �18�
contains the expansion parameter � because of their assump-
tion �=�1/2�0, where �=	8	rd

2
Dmni0 according to Tribeche
and Berbri �18�. This may not be the correct approach for the
study of the DIA shock waves by the reductive perturbation
method. On the other hand, if we consider a dusty plasma
with negative dust �zp=0 and s=−1�, our mK-dV Eq. �11�
becomes similar to the one of the two coupled equations
derived by Xue �19� who studied the interactions of two
DIASWs by using the stretched coordinates which are com-
pletely different from our ones. The reason of using different
stretched coordinates is that the aim of the investigation of
Xue �19� is completely different from that of our present
work.

The stationary solitary wave solution of Eq. �11� for a 1D
planar geometry ��=0� and for a frame moving with a speed
U0 is
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FIG. 1. The variation in �c with � for s=−1.
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��� = 0� = �3U0

A
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It is obvious from Eqs. �12�–�14� that compressive �rarefac-
tive� DIASWs, which are associated with positive �negative�
potential, exist if A�0 �A�0�, i.e.,

�1 + s��
�1 − ��2

�1 + 3��2 � � � �
1

3
. �15�

Therefore, the critical value ��c� of � �as a function of �� is
given by

�c =
1

s

 �1 + 3��2

3�1 − ��2 − 1� . �16�

We have numerically analyzed how �c varies with � for s
=−1. The numerical results are displayed in Fig. 1.

It is obvious from Fig. 1 that the coexistence of negatively
charged dust and nonthermal electrons significantly enhances
the possibility for the formation of rarefactive DIASWs, i.e.,
as negative dust number density is higher, we need lower
values of � in order to have rarefactive DIASWs. We can
also show by a similar numerical analysis with s=1 that the
presence of positively charged dust �nonthermal electrons�
reduces �enhances� the possibility for the formation of rar-
efactive DIASWs, i.e., as positive dust number density is
higher, we need higher values of � in order to have rarefac-
tive DIASWs.

We have finally numerically solved Eq. �11� and have
studied the effects of cylindrical and spherical geometries on
time-dependent DIASWs. The results are depicted in Figs.
2–5. The initial condition used in our numerical analysis is
�= �3U0 /A�sech2�	U0 /4B�, which is the stationary solitary
wave solution of Eq. �11� without the term �� /2���. We
choose our initial pulse at �=−9 and show how its amplitude
increases by decreasing the value of �. We also use U0=1
through out our numerical analysis. Figures 2–5 show how
the effects of cylindrical and spherical geometries modify
DIASWs in a plasma with the coexistence of dust of oppo-
site polarity �with s=−1� and nonthermal electrons. Figure 2
�Fig. 3� shows the time evolution of compressive �rarefac-
tive� cylindrical DIASWs. On the other hand, Fig. 4 �Fig. 5�
shows the time evolution of compressive �rarefactive� spheri-
cal DIASWs. Figures 2–5 clearly imply that depending on
the values of � and �, we can have either compressive
�shown in Figs. 2 and 4� or rarefactive �shown in Figs. 3 and
5� DIASWs and that due to the change in the value of � from
0.025 to 0.075, compressive DIASWs �shown in Figs. 2 and
4� are converted into rarefactive ones �shown in Figs. 3 and
5�. By a similar numerical analysis with s=1, we can show
that depending on the values of � and �, we can have either
compressive or rarefactive DIASWs and that due to the
change in the value of � from 0.2 to 0.3, compressive DI-
ASWs are converted into rarefactive ones.

The numerical solutions of Eq. �11� �displayed in Figs.
2–5� reveal that for a large value of � �e.g., �=−9� the spheri-
cal and cylindrical DIASWs are similar to 1D planar ones.
This is because for a large value of � the term �� /2��� is no
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FIG. 2. Time evolution of cylindrical ��=1� DIASWs at times
�=−9 �left�, �=−6 �middle�, and �=−3 �right� for s=−1, �=0.5,
and �=0.025.

-10 -5 5 10 15 20
ζ

-40

-30

-20

-10

Ψ

FIG. 3. Time evolution of cylindrical ��=1� DIASWs at times
�=−9 �left�, �=−6 �middle�, and �=−3 �right� for s=−1, �=0.5,
and �=0.075.
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FIG. 4. Time evolution of spherical ��=2� DIASWs at times �
=−9 �left�, �=−6 �middle�, and �=−3 �right� for s=−1, �=0.5, and
�=0.025.
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FIG. 5. Time evolution of spherical ��=2� DIASWs at times �
=−9 �left�, �=−6 �middle�, and �=−3 �right� for s=−1 �negative
dust�, �=0.5, and �=0.075.
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longer dominant. However, as the value of � decreases, the
term �� /2��� becomes dominant, and both cylindrical and
spherical DIASWs differ from 1D planar ones. The numeri-
cal solutions of Eq. �11� �displayed in Figs. 2–5� also reveal
that the effects of nonthermal electrons and nonplanar �cy-
lindrical and spherical� geometries significantly modify the
basic features �amplitude, width, etc.� of the DIASWs and
that time evolution of the DIASWs in both cylindrical and
spherical geometries are very significant although the effects
in spherical geometry are more significant than those in cy-
lindrical geometry. The amplitude of the DIASWs increases
with increasing the value of �. The amplitude of cylindrical
DIASWs is larger than that of the 1D planar ones but smaller
than that of the spherical ones.

To conclude, DIASWs are more suitable than any other
dust associated nonlinear waves to observe in laboratory

dusty plasma experiments. We, therefore, propose to perform
a laboratory experiment which will be able to identify such
special new features of the DIASWs predicted in this inves-
tigation. It has been shown that the refractive IASWs �ob-
served by Freja satellite �15,16�� is because of the presence
of nonthermal electrons, and they are formed only when �
�0.155 �16�. However, we have predicted in our study that
the rarefactive IASWs can be formed for any values of � if
negatively charged dust exist there. We, finally, hope that our
present results may help to understand the salient features of
the DIASWs when data for space and laboratory observa-
tions become available.
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